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Interferometers enable ultrasensitive measurement in a wide array of applications from gravita-
tional wave searches to force microscopes. The role of quantum mechanics in the metrological limits
of interferometers has a rich history, and a large number of techniques to surpass conventional limits
have been proposed. In a typical measurement configuration, the tradeoff between the probe’s shot
noise (imprecision) and its quantum backaction results in what is known as the standard quantum
limit (SQL). In this work we investigate how quantum correlations accessed by modifying the read-
out of the interferometer can access physics beyond the SQL and improve displacement sensitivity.
Specifically, we use an optical cavity to probe the motion of a silicon nitride membrane off mechan-
ical resonance, as one would do in a broadband displacement or force measurement, and observe
sensitivity better than the SQL dictates for our quantum efficiency. Our measurement illustrates
the core idea behind a technique known as variational readout, in which the optical readout quadra-
ture is changed as a function of frequency to improve broadband displacement detection. And
more generally our result is a salient example of how correlations can aid sensing in the presence of
backaction.
When one seeks knowledge of the full dynamics of the
displacement of a harmonic oscillator, non-commutation
of the two mechanical quadratures requires a minimum
added noise equal to the mechanical resonator’s zero
point motion [1, 2]. This fundamental quantum limit
(QL) is a distinct bound from the standard quantum
limit (SQL) that is often considered in interferometric
displacement measurement [3–5]. The SQL is a conse-
quence of the non-commutation of the probe’s quadra-
tures in a specific measurement configuration and is char-
acterized by a tradeoff between shot noise (SN) impreci-
sion and quantum backaction that are uncorrelated [6, 7].
The QL and SQL reach the same limit when probing at
the peak mechanical response, but the QL can be a signif-
icantly lower bound off resonance [Fig. 1(a,b)]. In studies
of micro-mechanical motion, there has been great inter-
est in observing quantum backaction and approaching the
SQL on mechanical resonance [8–12]. However, much of
what historically motivates SQL research is displacement
monitoring over a wide frequency band, such as gravita-
tional wave searches [13]. One long-standing concept for
surpassing the SQL is to introduce correlations by chang-
ing the readout quadrature as a function of frequency in
a technique known as variational readout [14, 15]. In the
work presented in this article, we measure the displace-
ment of a membrane resonator in an optical interferome-
ter with a tunable readout quadrature. By thermalizing
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the mechanical device to a dilution refrigerator and mit-
igating other technical noise sources, we are able to mea-
sure quantum noise far off resonance compared to typical
micromechanical measurements, and achieve near-SQL-
limited measurement of a solid-state object. With this
starting point we are able to use variational-readout tech-
niques to improve upon the off-resonance SQL for our
quantum efficiency.
Over the years a variety of techniques have been con-
sidered for surpassing the SQL [6], and it is useful to
place these in context in comparison to variational read-
out. Perhaps the most well-known technique is to restrict
knowledge to a dynamically-decoupled single mechanical
quadrature in a quantum non-demolition (QND) mea-
surement to evade backaction completely [16]. There-
fore the total broadband noise can be arbitrarily de-
creased (up to the zero-point motion) by increasing the
probe power. However, QND unfortunately measures
only a single phase force, unless the system dimensional-
ity is increased to perform QND measurements on both
quadratures [17–20]. While QND measurements have
been demonstrated electromechanicaly [21–24], instabil-
ities can arise, and a measurement below the SQL has
not been demonstrated. In our measurements, we fo-
cus on a solution in which a two-mechanical quadrature
measurement is made, yet quantum correlations between
imprecision and backaction are used to address the SQL.
Such correlations can be achieved by injecting quadrature
squeezed light [15] or using nonlinear cavities [25, 26],
but an equally-capable technique is to rotate the readout
quadrature such that the mechanical motion itself mixes
the probe’s amplitude and phase quadratures [15, 27].
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FIG. 1. Imprecision for different interferometric measurement configurations. (a) Frequency dependence for fixed power p = 50
and (b) Power dependence for frequency 2(ω − ωm)/Γ = 5. Shaded areas represent the SN (gray), backaction (green) and
zero-point motion (yellow). Lines represent measurement at φ = 90◦ (dashed blue), φ = 25◦ (dashed red), variational readout
(solid red). The black (QL) and blue (SQL) lines in both (a) and (b) show total limits when the probe power is allowed to
vary to optimize total noise, with hatched area highlighting the QL and SQL distinction. All curves are evaluated for ideal
quantum efficiency  = 1, and zero thermal disturbance. (c) Experimental schematic. Coherent probe beam enters the cavity
and interacts with a membrane resonator. The probe light that leaves the cavity is detected via balanced homodyne detection
with the measurement angle (quadrature) set by the local oscillator (LO) phase φ. (d) Comparison to ponderomotive squeezing
for frequency 2(ω−ωm)/Γ = 5 and p = 6. Plotted is the spectral density for the optical output Sφ (orange line) compared to the
shot-noise limit (shaded gray) (see Appendix). The dashed black line demonstrates that the optimal mechanical displacement
measuring angle (φopt) is shifted towards the phase quadrature compared to the phase for maximal ponderomotive squeezing.
For any given frequency, there exists a measurement
configuration that can reach the QL for an ideal detector
(black line in Fig. 1(a)). Here we present analysis based
upon the probe’s uncertainty relations that reveals this
configuration [3, 4, 28]. (Note the on-resonance SQL can
be conveniently arrived at with a Heisenberg microscope
argument that dictates a minimum contribution of the
SN and backaction [29], but this argument does not hold
in the presence of correlation.) We consider the result
of a linear measurement of a mechanical harmonic os-
cillator via an optical probe at a given quadrature an-
gle φ. The analysis is based upon an optomechanical
interaction in which probe’s phase quadrature linearly
depends on the mechanical state, while the amplitude
is unchanged. In the analysis of this interaction we as-
sume a large-photon limit in which the fluctuations are
linearized around a large optical field. From the optical
probe one can infer a mechanical displacement, and we
present our data and theoretical comparison in terms of
a dimensionless mechanical displacement. This transfor-
mation for an optomechanical interaction in the presence
of finite efficiency and conversion to dimensionless units is
nontrivial, and the expressions put forth here are derived
sequentially in the Appendix to enable concise analysis
of their consequences on measurements.
The dimensionless mechanical displacement inferred
from the optical probe can be written as: Xˆφ(ω) =
3xˆm(ω) + Iˆφ − iχ˜m(ω)Fˆba. Here the mechanical state
(xˆm) appears along with SN (Iˆφ) and backaction (Fˆba),
where the SN and backaction both arise from the probe’s
fluctuations. The SN is a white noise with a contribu-
tion that depends on φ. The backaction term is a re-
sult of probe amplitude fluctuations driving the mechan-
ical state and hence is function only of the amplitude
quadrature (AM, φ = 0◦). The backaction is filtered by
χ˜m(ω), the dimensionless mechanical susceptibility given
by χ˜m(ω) = (1 − 2i(ω − ωm)/Γ)−1 where Γ is the effec-
tive mechanical linewidth. Within xˆm we include both
the zero-point motion and environmental perturbation
(thermal and other applied forces).
In the experiment we will measure the symmetrized
displacement power spectral density (PSD) Sxx(ω) =〈
Xˆφ(−ω)Xˆφ(ω)
〉
[4], which has contributions from the
mechanical resonator (Sm), SN imprecision (SII), back-
action (SFF ), and their cross-correlation (SIF )
Sxx(ω, p, φ) =Sm(ω) + SII(p, φ) + |χ˜m(ω)|2SFF (p)+
2 Im[χ˜m(ω)SIF (φ)]. (1)
Throughout we use dimensionless displacement units
such that the zero-point motion contribution to the PSD
Sxx is 1 on mechanical resonance (ω = ωm), and the
probe power (p) is normalized to the SQL power on me-
chanical resonance. Similarly the value of the added noise
at the SQL (SN and on-resonance backaction) is equal to
1. In absolute units the added noise at the SQL and the
zero-point motion each contribute Ssql(ωm) = 2x2zp/Γ.
The zero-point motion is given by xzp =
√
~
2mωm
, where
ωm is the resonant frequency of the mechanical mode of
interest, ~ is the reduced Planck constant, and m is the
effective mass of the resonator [9].
From an analysis of the full expression of Sxx shown
in the Appendix one finds the probe’s uncertainty rela-
tion [28] is connected to the measured PSD via SIISFF ≥
1
4 + S
2
IF . The SQL corresponds to the special case in
which SIF = 0, and we will find the QL by careful choice
of SIF and measurement power for a given frequency
[4, 30]. To understand measurement limits, we plot the
contributions to Sxx in Fig. 1. First, we describe the lines
relevant to SQL physics. The dashed blue line in Fig. 1
shows a phase quadrature (PM, φ = 90◦) measurement
for a fixed backaction-dominated probe power, whereas
the blue solid line (SQL) results when optimizing the
probe power at each frequency. Due to the backaction
frequency dependence, the SQL value changes off reso-
nance as Ssql(ω) = Ssql(ωm)|χ˜m(ω)|; namely the SQL
value drops and the power required to reach it increases.
Figure 1(b) shows the SQL results in a linear tradeoff
between SN and backaction [7].
However, if the homodyne detector is arranged to mea-
sure a finite quadrature angle 0◦ < φ < 90◦ the cross-
correlation term SIF (φ) in Eq. (1) becomes nonzero and
Sxx can be smaller than the SQL (Fig. 1(a,b) dashed red
line) [4, 15]. Because SIF is real, an additional require-
ment is that χ˜m(ω) has an imaginary part, which only
happens off resonance. In particular, Im[χ˜m(ω)SIF (φ)]
gives rise to a Fano-like frequency dependence, in anal-
ogy to that observed in ponderomotive squeezing of light.
While such squeezed light has been observed [31–33], im-
proved measurements were far from accessible in previous
experiments due to technical noise at large φ. Figure 1(d)
shows for comparison ponderomotive squeezing of the
cavity output light. The optimal measurement phase
(φopt) is rotated towards PM compared to the optimal
squeezing phase. While rotating towards AM introduces
the correlations of interest it also dilutes mechanical in-
formation found only in PM (see Appendix). In varia-
tional readout, φ is tuned as a function of frequency to
approach the QL over a broader range of frequencies [15].
Variational readout at a fixed power is illustrated by the
red line of Fig. 1(a). As seen in Fig. 1(b) the power can
be optimized in order to reach the QL (solid black line),
which corresponds to total noise at twice the zero point
motion.
Variational readout in a homodyne measurement is
a technique most suited to broadband, off-resonance
displacement or force measurement for 2|ω − ωm|/Γ ≥
1. However, even for on-resonance force measurements
quantum correlations can be utilized by employing a two-
tone local oscillator, using recently proposed synodyne
readout [34]. Synodyne realizes single-quadrature mea-
surement at a given frequency within a range of near-
resonant frequencies (2|ω − ωm|/Γ ≤ 1). (See the Sup-
plemental Material for an analysis of synodyne and its
comparison to the SQL in a frequency-domain picture
analogous to Fig. 1.) Variational readout and syno-
dyne are related in that they both approach the read-
out problem by modifying the local oscillator, instead
of for example the intracavity field. Lastly, note asym-
metric lineshapes associated with cross-correlations have
been recently observed in [35] using an input quadra-
ture squeezed probe in the microwave domain, but an
improvement in the off-resonance sensitivity has not been
shown to date. Squeezed light can also be used indepen-
dent of SIF to modify Iˆφ or Fˆba to modify power require-
ments [15, 36]. Injecting squeezed vacuum into the dark
port of an interferometer is a technique that has been
already implemented in large-scale interferometers (such
as advanced LIGO), but their aim was to enable better
sensitivity in a fully shot-noise limited band, without in-
creasing optical power [37].
In our experiments, we create an optical interferome-
ter consisting of a cryogenically-compatible Fabry-Perot
cavity coupled to a high stress Si3N4 membrane resonator
[1, 33, 38] [Fig. 1(c)]. We probe the motion of the (2, 2)
membrane mode at ωm/2pi = 1.596 MHz (twice the fun-
damental frequency), with an exceptionally high qual-
ity factor of Qm = 32 × 106. We optically damp and
cool to a effective linewidth of Γ/2pi = 340 Hz by in-
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FIG. 2. Measured displacement PSD for different frequencies and measurement angles as a function of normalized probe power
p. (a) Measurement at φ = 90◦ at different frequencies: 2(ω − ωm)/Γ = 0 (triangle), 2.5 (star), 5 (square), 10 (circle). (b)
Measurement at φ = 90◦ (blue) and at φ = 45◦ (red) compared to SN level at φ = 90◦ quadrature (gray). Measurement at
φ = 45◦ at frequency 2(ω − ωm)/Γ = −5 (square filled on left, dashed-red line) results in larger imprecision, and at frequency
2(ω − ωm)/Γ = 5 (square filled on right, solid red line) results in reduced imprecision. The dashed black line is the QL for
2(ω−ωm)/Γ = 5 evaluated at quantum efficiency  = 0.35, plus thermal contribution due to nth = 1.29. Red and blue lines are
full power-dependent expectation for corresponding data points. Inset: measured PSD as function of frequency 2(ω − ωm)/Γ,
at φ = 90◦ (blue) and φ = 45◦ (red) quadratures for power p = 14, as indicated by the dotted box in main figure. For this
choice of φ negative detunings (red dashed) yield worse sensitivity, while positive detunings (solid red) are improved. In both
(a) and (b), the gray asterisks are SN measurement at φ = 90◦ for  = 0.35, and the dashed gray line is for  = 1.
jecting a tone red-detuned of the optical cavity. We lin-
early monitor the displacement for the science described
in this work by injecting an on-resonant probe into the
cavity. To yield a mechanical spectrum with minimal
thermal noise, even a number of mechanical linewidths
off resonance, we precool the cavity and membrane to
120 mK, and shield the membrane mode by embedding
it in a phononic crystal [40, 41]. At our chosen damp-
ing level, we measure via sideband asymmetry a phonon
occupation of nth = 1.29 ± 0.05; this final phonon occu-
pation is defined by the optical damping rate we choose,
and is not limited by added noise [1] (see Supplemental
Material). The outgoing probe light is measured using
balanced homodyne detection, with a total quantum ef-
ficiency of  = 0.350± 0.015. The single-photon coupling
was independently calibrated and found to be consistent
with a value of g/2pi = 39 Hz tightly bounded by the
experimental data.
We start by measuring Sxx on/off-resonance at φ = 90◦
in which the measurement noise is similar to the SQL
[Fig. 2(a)]. For all frequencies the relative fraction of
measurement noise to the SQL at that frequency is con-
stant and equal to 1.7 as set by our quantum efficiency.
For the on-resonance measurements (triangles) a total
measured PSD of 5.3 ± 0.2 times the on-resonance SQL
added noise (Ssql) is realized, corresponding to the small-
est reported value to our knowledge [8, 11, 21]. This is
due to our low phonon occupation and high quantum effi-
ciency. When we examine the data at 2(ω−ωm)/Γ = 10
(circles), the total measured noise reduces to twice the
off-resonant SQL value because the thermal disturbance
component (Sm) drops faster than the SQL [Fig. 1(a)].
When measuring at a finite intermediate angle (φ =
45◦) a distinct Fano-like lineshape due to the cross-
correlations appears (inset of Fig. 2(b)). We see the sen-
sitivity is increased over a range of frequencies off reso-
nance. Figures 2(b) and 3(a) show how a φ = 45◦ mea-
surement (red) results in an imprecision below that at
φ = 90◦ (blue) for frequencies above resonance and near
the off-resonant SQL power. On the other hand at low
powers (p 1) there is no improvement because the SN
contribution increases as one adds more AM noise that
doesn’t contain information about the resonator, and at
high powers (p 1) the backaction contribution is dom-
inant over the correlation and there is also no improve-
ment.
In Fig. 2(b) we see the clear measurement improve-
ment when detecting at (φ = 45◦), and that it’s optimal
power is at a higher power than for the standard mea-
surement configuration (φ = 90◦). For a given mechan-
ical detuning (ρ = 2(ω − ωm)/Γ) we find the optimal
measurement quadrature to be cotφopt = pρ|χ˜m(ρ)|2,
which depends on both the quantum efficiency and mea-
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FIG. 3. Components of variational readout. (a) Ratio of PSD in quadratures φ = 45◦ (red), φ = 60◦ (orange), and φ = 75◦
(purple) to that in φ = 90◦ as a function of normalized probe power p. The top panel is at a detuning of 2(ω − ωm)/Γ = 5,
and the bottom panel at 2(ω − ωm)/Γ = −5. (b) Reconstruction of variational readout for p = 14. The measured quadratures
(same colors as (a)) are placed in the portion of the spectrum for which they provide the lowest imprecision. For comparison
is the result for φ = 90◦ (blue). Inset: Measured quadratures (same colors as (b)) at p = 28 normalized to the corresponding
SQL at each frequency.
surement strength (p). As derived in the Appendix, the
achievable limit at the optimal power (popt) depends on
the quantum efficiency according to:
Sxx(ρ, φopt, popt) =2
(
nth +
1
2
)
|χ˜m(ρ)|2+√
1

+
1− 

ρ2|χ˜m(ρ)|2. (2)
Which is shown as the dashed black line in Fig. 2(b) for
ρ = 5. The above result at unit quantum efficiency repro-
duces the expected QL at all frequencies, as the amount
of added noise is equal to the zero-point motion PSD con-
tribution (|χ˜m(ρ)|2). In comparison a typical measure-
ment is at φ = 90◦ (PM) and will scale with quantum
efficiency as |χ˜m(ρ)|/
√
. Note that at unit efficiency this
is the difference between QL and SQL.
In variational readout, the analysis quadrature would
be changed as function of frequency to realize an opti-
mal measurement at all frequencies (reaching the QL at
a single frequency). In our work, while we do not vary
the quadrature in a single measurement, we are able to
reconstruct variational readout spectra from four differ-
ent measurements at different quadratures with the same
power [Fig. 3(b)]. In Fig. 3(b)-inset we show the data
normalized to the corresponding off-resonant SQL at
each frequency (Ssql(ω)) for an even larger probe power
(p = 28), and can quantitatively analyze our improve-
ment compared to the SQL, under the constraint of finite
quantum efficiency. At a frequency 2(ω − ωm)/Γ = 12,
we find 1.55±0.07 times the SQL value for φ = 45◦. Tak-
ing into account our finite quantum efficiency, the mini-
mum added noise we could hope to achieve for a φ = 90◦
measurement is 1/
√
 = 1.7 times the SQL value, and
hence measurement at φ = 45◦ allows us to measure at
0.91 ± 0.04 times the finite quantum efficiency SQL. At
this frequency the thermal and zero point motion con-
tribution of 0.3 (in units of off-resonance Ssql) is small,
compared to the added noise due to the probe of 1.25.
The technique we demonstrate shows the value and
simplicity of utilizing imprecision-backaction correlations
when carrying out strong measurement. In this technique
the degree to which the SQL can be surpassed is greatly
dependent on the quantum efficiency of the probe. In the
future, pursuing higher quantum efficiency will be a nat-
ural goal of a variety of detectors, and hence extend the
utility of variational readout. High quantum efficiency
combined with the ability to arbitrarily manipulate the
local oscillator and corresponding correlations will offer
useful opportunities to advance broadband displacement
and force sensing beyond the standard quantum limit.
This work was supported by AFOSR PECASE, ONR
DURIP, AFOSR-MURI, RAFAEL, the Cottrell Scholar’s
program, and the National Science Foundation under
grant number 1125844. We thank W. P. Bowen, T. P.
Purdy, O. Wipfli, J. D. Teufel, and A. Higginbotham for
useful conversation and expertise.
6Appendix: Derivations
1. Optomechanical interaction
The optomechanical interaction in the interferometer
is defined by the following Hamiltonian [42, 43].
Hˆ0 =
1
4
~ωm
(
xˆ2 + pˆ2
)
+ ~ωcaˆ†aˆ+ ~gxˆaˆ†aˆ (A.1)
where ωm is the mechanical resonance frequency, xˆ (pˆ) is
the mechanical position (momentum) fluctuation opera-
tor, ωc is the optical cavity resonance frequency, aˆ (aˆ†) is
the optical intracavity annihilation (creation) operator, g
is a single-photon optomechanical coupling constant. In
this way of writing the Hamiltonian the position and mo-
mentum operators are normalized to their zero-point fluc-
tuations xzp =
√
~/2mωm and pzp =
√
1
2m~ωm. Here
m the mechanical resonator effective mass, and ~ the
reduced Planck constant. In our analysis the Hamilto-
nian is linearized by assuming a large optical coherent
state. Thus we write the optical annihilation operator as
aˆ = a¯+ uˆ with a¯ = 〈aˆ〉, and neglecting the uˆ†uˆ term.
2. Heisenberg-Langevin equations for the light
operators
Here we present the analysis of the Heisenberg-
Langevin equations for the probe light operator u, based
on the Hamiltonian given above. Similar to previ-
ous analyses we write the solution to the Heisenberg-
Langevin equations of motion of our optomechanical sys-
tem [33, 42, 44, 45]. In subsequent sections we will con-
vert the solutions to the units used in our final equations.
In the Supplemental Material we add to these equations
a treatment of potential classical noise terms (and find
them to be negligible for our experimental parameters).
The probe light quadratures uAM and uPM are given
by,(
uˆAM (ω)
uˆPM (ω)
)
=
(
µˆAM (ω)
µˆPM (ω)
)
+
√
κga¯
(
pi−(ω) 0
0 pi+(ω)
)(
xˆ(ω)
xˆ(ω)
)
(A.2)
here µˆAM (ω) and µˆPM (ω) are the light shot-noise
Langevin operators for the amplitude (AM, φ = 0◦)
and phase (PM, φ = 90◦) quadratures, a¯ is the intra-
cavity coherent state amplitude,  is the quantum effi-
ciency, xˆ(ω) is the resonator state, and pi±(ω) are the
constructive and destructive cavity susceptibility inter-
ference functions defined as pi+(ω) = χ∗c(−ω)+χc(ω) and
pi−(ω) = i (χ∗c(−ω)− χc(ω)). χc(ω) is the cavity suscep-
tibility given by χc(ω) = (κ/2− i(ω + ∆))−1, with ∆
the probe detuning relative to the cavity resonance, and
κ the optical cavity linewidth.
The measured light operator at a given phase φ, is
given by uˆφ = uˆAM cosφ − uˆPM sinφ. We use this
to calculate the symmetrized light PSD, Sφ(ω, φ) =
〈uˆφ(−ω)uˆφ(ω)〉 [4, 42, 46]. Then the dimensionless Sφ
is decomposed as follows,
Sφ(ω, φ) = 1 + fxx(ω, φ) 〈xˆxˆ〉 (ω) + Sµxˆ(ω, φ) (A.3)
where 1 is the probe shot-noise, fxx(ω, φ) is the trans-
fer function from displacement to light, 〈xˆxˆ〉 (ω) is the
symmetrized resonator displacement distribution PSD,
and Sµxˆ(ω, φ) is the cross-correlation PSD between the
light shot-noise and the resonator state as inferred by the
probe.
To explicitly write the above functions we define the
following cavity and light parameters: nth is the thermal
phonon occupation, Γ the effective mechanical linewidth,
ωm the resonator frequency, and the mechanical suscep-
tibility is given by χm(ω) = (Γ/2− i (ω − ωm))−1. We
find:
fxx(ω, φ) = κ(ga¯)
2
{
|χc(−ω)|2 + |χc(ω)|2
}
− 2κ(ga¯)2 Re [χc(−ω)χc(ω)e−2iφ] (A.4)
Sµxˆ(ω, φ) = κ (ga¯)
2
(
|χc(−ω)|2 − |χc(ω)|2
)
Im [iχm(ω)]
− 2κ(ga¯)2 Im [χc(−ω)χc(ω)e−2iφ]Re [iχm(ω)]
(A.5)
〈xˆxˆ〉 (ω) = Γ(nth + 1/2)|χm(ω)|2
+ (ga¯)2|χm(ω)|2κ
2
(
|χc(−ω)|2 + |χc(ω)|2
)
+
(
F
4pzp
)2
|χm(ω)|2δ(ω − ωf ) (A.6)
In Eq. (S7) we have included the response to external
force (F ), applied on the resonator at a frequency ωf .
Note that the Γ and ωm are effective mechanical param-
eters due to well-known optical damping and spring ef-
fects dominantly from a red-detuned damping tone but
with a very small contribution from the small detuning
of the probe [43].
3. Derivation of the standard quantum limit value
Here we derive the SQL PSD (Ssql) using the result
above by minimizing the combined shot-noise and quan-
tum backaction terms [3].
Ssql(ω) = x
2
zp min
a¯,φ,∆
{ 1
fxx(ω, φ)
+
(ga¯)2|χm(ω)|2κ
2
(
|χc(−ω)|2 + |χc(ω)|2
)
} (A.7)
with fxx(ω, φ) the transfer function from displacement
to light (with units of hertz) of Eq. (A.4). The Ssql is
7composed only of the added noise by the measurement
probe (shot-noise and quantum backaction), and ignores
the mechanical state (thermal and zero-point motion).
This is motivated from the point of view that the me-
chanical resonator state is the signal to measure. We
note that in Ref. [11], the zero-point motion is included
in the total noise.
The minimum value of the SQL PSD is found for detec-
tion angle of φ = 90◦ and for probing on cavity resonance
(∆ = 0). Additionally we evaluate fxx for unity detec-
tion efficiency ( = 1). With this we find the number of
photons required for SQL detection to be,
a¯2sql(ω) =
1
2κg2|χc(ω)|2|χm(ω)|
=
Γ
4κg2|χc(ω)|2
√
1 + ρ2 (A.8)
with ρ = 2
(
ω−ωm
Γ
)
a dimensionless mechanical detuning.
We combine this result with Eq. (A.7) to find,
Ssql(ω) = x
2
zp|χm(ω)| = x2zp
2
Γ
1√
1 + ρ2
. (A.9)
When evaluated on-resonance the SQL value is
Ssql(ωm) =
~
mωmΓ
. We utilize a probe power (p) nor-
malized to the on-resonant SQL power, i.e. p = a¯
2
a¯2sql(ωm)
.
Note p is related to the commonly-used optomechanical
cooperativity (C) by C = p/4 [11, 43] .
4. Converting measurement noise results to
dimensionless displacement PSD
In this section we write the result of the Heisenberg-
Langevin equations for the light operators inferred as dis-
placement of the resonator and use it to evaluate the
displacement PSD. While the light equations and asso-
ciated PSD have been derived many times in the litera-
ture [33, 42, 44, 45], our approach is to use quantum noise
notation, as described in for example [4], which allows us
to see more transparently how the QL can be reach for a
particular optical probe configuration.
The probe light operator converted to inferred dis-
placement Xˆ is given by multiplying the probe light oper-
ator uˆ by xzp/
√
fxx(φ = 90◦)(= xzp/
√
Γp), which gives
dimensions of m/
√
Hz. We normalize the displacement
by the on-resonance SQL amplitude (
√
Ssql(ωm)). We
also use a dimensionless mechanical susceptibility defined
by χ˜m(ρ) = χm(ω)/|χm(ωm)| = (1− iρ)−1 and a dimen-
sionless cavity susceptibility χ˜c(ω) = χc(ω)/|χc(ωm)|.
With this we write the AM and PM quadrature oper-
ators for the inferred displacement as,
XˆAM (ω) =
1√
2pχ˜c(ω)
µˆAM (ω) (A.10)
XˆPM (ω) =
1√
2pχ˜c(ω)
µˆPM (ω) +
√
Γ
2
xˆ(ω) (A.11)√
Γ
2
xˆ(ω) = xˆm(ω)− 2ωmχ∗m(−ω)χ˜m(ω)Fˆba(ω) (A.12)
with xˆm the resonator state (which includes zero-point
motion, thermal and external force), and Fˆba the dimen-
sionless backaction force applied onto the resonator. The
backaction operator is proportional to √p and is a func-
tion of the shot-noise AM quadrature operator [33, 42].
Because the resonator (xˆ) information is only in the
PM quadrature, the displacement phase dependence is
given by,
Xˆφ(ω) = − cotφXˆAM (ω) + XˆPM (ω)
= xˆm(ω) + Iˆφ − 2ωmχ˜∗m(−ω)χ˜m(ω)Fˆba(ω)
∼= xˆm(ω) + Iˆφ − iχ˜m(ω)Fˆba(ω) (A.13)
Here we have defined the shot-noise dis-
placement imprecision operator to be Iˆφ =
1√
2pχ˜c(ω)
(− cotφµˆAM (ω) + µˆPM (ω)), from which
it follows that there is a weak frequency dependence
proportional to |1/χ˜c(ω)|. In the third line we take
the limit of a high-Q resonator (Γ  ωm). Note in
AM cotφ = cot 0 = ∞ corresponds to the case in
which all the information about the resonator is in the
φ = 90◦ (PM) quadrature and thus the displacement
measurement diverges. It follows that the displacement
PSD is given by,
Sxx(ω) =
〈
Xˆφ(−ω)Xˆφ(ω)
〉
∼= Sm(ω) + SII(ω) + |χ˜m(ρ)|2SFF (ω)+
2 Im [χ˜m(ρ)SIF ] (A.14)
with functions given by,
Sm(ω) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2 (A.15)
SII(ω) =
1 + cot2 φ
2p|χ˜c(ω)|2
(A.16)
SFF (ω) =
1
2
p|χ˜c(ω)|2 (A.17)
SIF (ω) = −1
2
cotφ. (A.18)
Here Sm is the displacement PSD of the resonator in-
cluding thermal, and zero-point motion, in which we set
the external force to zero; SII is the displacement im-
precision PSD due to the probe SN and is inversely pro-
portional to the power; SFF is the displacement change
due to the backaction force; SIF is the cross-correlation
8term measured in homodyne detection and is real, but in
general it can be complex [4]. For example, in synodyne
detection the equivalent SIF is complex and SIF = −S∗FI
[34].
When examining the contribution of the backaction in
Eq. (A.13), there is a 90◦ degrees phase delay with re-
spect to the shot-noise term (Iˆφ). This means there is a
time lag between the backaction force applied on the res-
onator and the measurement time. For this reason, there
must be a frequency dependence in the cross-correlation
term. Only the imaginary part of the mechanical suscep-
tibility Im χ˜m(ρ) = ρ|χ˜m(ρ)|2 contributes to the PSD.
It will also be useful to explicitly write out the PSD
with the assumption |χ˜c(ω)|2 = 1, which is a very good
approximation for our experimental parameters.
Sxx(ω, p, φ) = 2
(
nth +
1
2
)
|χ˜m(ω)|2 + 1 + cot
2 φ
2p
+
1
2
p|χ˜m(ω)|2 − cotφρ|χ˜m(ω)|2 (A.19)
5. Comparison to uncertainty relations and
parameters for reaching the QL
Through Eq. (A.14)-(A.19) we can compare the PSD
to the Heisenberg uncertainty relation [28] for the state of
probe light and to the SQL. The Heisenberg uncertainty
relation is given by,
∆Iˆ2φ∆Fˆ
2
ba ≥
1
4
∣∣∣〈[Iˆφ, Fˆba]〉∣∣∣2 + 1
4
∣∣∣〈{Iˆφ, Fˆba}〉∣∣∣2
SIISFF ≥ 1
4
+ S2IF (A.20)
For  = 1 and φ = 90◦, SIISFF = 14 , which is the case
for an SQL measurement configuration, and is power in-
dependent. But when measuring at some intermediate
angle (0◦ < φ < 90◦), the measurement imprecision can
be below the SQL value of 1/4.
We can also determine the correct choice of p and φ
to reach the QL, when the additional contribution of
the cross-correlation term (SIF ) is taken into account.
When we optimize the PSD (Eq. (A.19)) to find the opti-
mal measurement phase we find cotφopt = pρ|χ˜m(ρ)|2.
Placing this back into Eq. (A.19) we find the succinct
consequence of variational readout,
Sxx(ρ, φopt, p) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2+
1
2p
+
1
2
p
(
1 + (1− )ρ2) |χ˜m(ρ)|4 (A.21)
for a given QE.
At the optimal power popt and optimal angle one finds
precisely the QL:
Sxx(ρ, φopt, popt) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2+√
1

+
1− 

ρ2|χ˜m(ρ)|2 (A.22)
popt =
1√
 (1 + (1− )ρ2)|χ˜m(ρ)|2
(A.23)
We recall that the QL for an ideal detector reaches one
zero-point motion contribution for each measured me-
chanical quadrature [black lines in Fig. 1(a)].
6. Comparison to ponderomotive squeezing
The above analysis gives us the necessary tools to di-
rectly compare the consequence of variational readout on
displacement sensitivity to the creation of ponderomo-
tive squeezing. Namely, we can compare the Sφ derived
in Sec. 2 to Sxx to find the light PSD has a different φ
dependence than the displacement PSD [31–33]. We can
write this as,
Sφ(ρ, φ, p) = 2p sin
2 φSxx(ρ, φ, p). (A.24)
The different phase dependences is illustrated in the
main text in Fig. 1(d). For light squeezing the informa-
tion about the resonator does not matter. Conversely,
for displacement measurement, while the larger cross-
correlation term reduces the backaction contribution by
rotating towards the AM quadrature, it also dilutes me-
chanical information found in the PM quadrature. For
this reason the optimal ponderomotive squeezing angle is
closer to the AM quadrature than for the displacement
measurement.
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1Supplemental Materials:
Improving broadband displacement detection with quantum correlations
Appendix S1: Overview of Experimental Protocol and Noise Considerations
Our optical cavity has a linewidth of κ/2pi = 2.50 ± 0.16 MHz, and is frequency-stabilized (locked) with respect
to a weak on-cavity-resonance beam. A second damping beam, with the same polarization, is red detuned of the
cavity resonance by 2 MHz and continuously cools the membrane. Lastly, a coherent on-cavity-resonance beam, with
orthogonal polarization to both the lock and damping beams, is used as the measurement probe beam. This choice
minimizes the cross talk between the probe beam and the other beams. We do not observe a relevant classical laser
noise contribution on the probe (Sec. S5 2) [1], nor technical noise due to mechanical bath at this damping choice,
nor laser heating at a 120 mK dilution refrigerator temperature (Sec. S3). We measure the probe beam via balanced
detection using an external local oscillator. We set the detection quadrature phase by locking the relative phase
between the local oscillator and the probe beam. The error signal uses the DC signal from a balanced homodyne
receiver to realize measurement phases 40◦ ≤ φ ≤ 140◦, which are calibrated based upon full excursion of this error
signal. From the time trace of the probe output we compute the symmetrized power spectral density (PSD), and
average over 1000 − 7500 traces for each measurement. Then we normalize to a trace taken without the probe
beam to achieve a shot-noise normalized frequency spectrum 〈uˆφ(−ω)uˆφ(ω)〉. To calibrate the PSD we require three
parameters: The SQL power determined from the coupling coefficient g (Sec. S2), phonon occupation nth (Sec. S3),
and quantum efficiency  (Sec. S4).
Appendix S2: Optomechanical coupling coefficient calibration
We calibrate the single photon optomechanical coupling coefficient g by determining the phonon occupation via
sideband asymmetry and combining this with independent knowledge of the number of cooling photons in the cavity
Ndamp. To extract the phonon occupation via sideband asymmetry, we use a red detuned damping beam, and
measure the red and blue sideband amplitudes as a function of optical power as described in [1]. To determine Ndamp
we measure the power that leaves the cavity and convert it to cavity photon number, which requires knowledge only
of the cavity linewidth and the detuning of the damping beam. g is then determined via
g2Ndamp =
Ab
κ|χc(ωm)|
Γ
4nth
(S1)
Here Ab is the blue sideband amplitude, nth is the phononic occupation determined from the sideband asymmetry, 
is the quantum efficiency, χc(ωm) is the on-mechanical-resonance cavity susceptibility, and κ is the cavity linewidth.
In Fig. S1(a) we plot the evaluated g2Ndamp as function of the number of damping photons in the cavity, to
determine g/2pi = 35.0 ± 5.5 Hz from the slope. The data in Figs. 2 and 3 of the main text constrain the coupling
coefficient to g/2pi = 39 Hz. This absolute value of g is used to define the SQL power p that is important in the main
text.
In these measurements we also find the backaction cooling limit to be nba = 0.16 ± 0.02 [1]. This value is within
the expected backaction limit of 0.15± 0.01 phonons.
Appendix S3: Phonon occupation calibration
While a red-detuned probe allows us to understand general cavity parameters, it is also important to understand
the specific phonon occupation nth for the on-resonance-probe measurements. For this we damp the mechanical
resonator to a linewidth close to the value we used in the data of Figs. 2 and 3 of the main text, and also apply a
weak on-cavity-resonance probe beam detected via balanced heterodyne averaging over all phases, to measure the red
(Ar) and blue (Ab) sideband amplitudes. The result is given in Fig. S1(b). We fit the measurement to a Lorentzian to
find a mechanical linewidth Γ = 325± 0.01 Hz, blue amplitude Ab = 0.78± 0.01, and red amplitude Ar = 1.35± 0.01.
From this we extract the phonon occupation (nth = (Ar/Ab − 1)−1) corresponding to nth = 1.34± 0.04.
In the data of Figs. 2 and 3 in the main text the experimental damped linewidth is slightly different, and equal to
340 Hz. To account for this we use the relation nth = n0Γ0Γ + nba and extract the actual phonon occupation in Figs. 2
and 3. n0Γ0 is a constant equal to the initial photon occupation times the undamped mechanical linewidth, and nba
2is the cooling backaction limit described in Sec. S2. With this, we determined our thermal phonon occupation to be
1.29± 0.05. This value is consistent with the the membrane having thermalized to the T = 120 mK measured using
conventional thermometry of the dilution refrigerator base plate.
Appendix S4: Quantum efficiency calibration
To calibrate the quantum efficiency (), we measure optical ponderomotive squeezing [2] using a detuned probe
measured on a single photodetector. By using a high-probe power deep in the radiation pressure dominated region
(∼ 80 time the SQL power), the maximum measured squeezing dip is directly proportional to the quantum efficiency
and strongly sensitive to it. With this measurement we achieve a total quantum efficiency of sq = 26±1%, limited by
the electronic noise of the photodetector. We decompose the quantum efficiency to sq = e.n.meas, with the electronic
noise component equal to e.n. = 58.5± 0.1 %. From this we find meas = 44± 1 %.
Next we find the quantum efficiency for the experiments in Figs. 2 and 3 of the main text, in which we used
balanced homodyne detection, by comparing to the measured quantum efficiency in the squeezing experiment. As
the two experiments partially share the same path and same type of photodetector, we write the quantum efficiency
as,  = measopt2vis. Where opt = 95.0 ± 0.5% is the additional optical losses due to different optical paths, and
vis = 92± 1% is the visibility (or mode matching) between the local oscillator and the probe beam. Accounting for
these elements we find  = 35.0± 1.5 %.
Appendix S5: Full Calculation of Light Power Spectral Density with Classical Noise
1. Theoretical analysis with classical noise
In the Appendix we analyzed the Heisenberg-Langevin equations for the probe light operator. This analysis left
out potential classical noise contributions. Here we repeat this analysis and add in the classical noise fluctuations
contribution. While classical noise in our experiment is ultimately negligible, making sure measurement contributions
are propagated correctly is required to come to this conclusion (see Sec. S5 2). The light probe quadratures are given
by,(
uˆAM (ω)
uˆPM (ω)
)
=
(
µˆAM (ω)
µˆPM (ω)
)
−
√

2
κ
( −pi+(ω) pi−(ω)
pi−(ω) pi+(ω)
)(
δy˜AM (ω)
δy˜PM (ω)
)
+
√
κga¯
(
pi−(ω) 0
0 pi+(ω)
)(
xˆ(ω)
xˆ(ω)
)
(S1)
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FIG. S1. (a) Measurements of the coupling coefficient as a function of the number of photons inside the cavity. The red line
is a linear fit to the data. (b) The red and blue sideband shot-noise normalized PSD in balanced heterodyne detection average
over all phases of an on-resonance probe, used to find the phonon occupation. The gray curve is the shot-noise PSD and the
green curve is the electronic noise PSD. The dashed black lines are fits to the data, and the fit parameters are given in the text.
3here µˆAM (ω) and µˆPM (ω) are the light shot-noise Langevin operators for the amplitude (AM, φ = 0◦) and phase
(PM, φ = 90◦) quadratures, a¯ is the intracavity coherent state amplitude, xˆ is the resonator state, δy˜AM (δy˜PM ) is the
classical noise amplitude (phase) noise normalized as fraction of the shot-noise contribution in the cavity, and pi±(ω)
are the constructive and destructive cavity susceptibility interference functions defined as pi+(ω) = χ∗c(−ω) + χc(ω)
and pi−(ω) = i (χ∗c(−ω)− χc(ω)); with χc(ω) the cavity susceptibility. The cavity susceptibility is given by χc(ω) =
(κ/2− i(ω + ∆))−1, with ∆ the probe detuning relative to the cavity resonance.
The measured shot-noise normalized light operator at a given phase φ, is given by uˆφ = uˆAM cosφ − uˆPM sinφ.
We use this to calculate the symmetrized light PSD, Sφ(ω, φ) = 〈uˆφ(−ω)uˆφ(ω)〉 [3, 4]. Then the dimensionless Sφ is
decomposed as follows,
Sφ(ω, φ) = 1 + SLN(ω, φ) + fxx(ω, φ) 〈xˆxˆ〉 (ω) + Sµxˆ(ω, φ) + Sδyxˆ(ω, φ) (S2)
where 1 is the probe shot-noise, SLN(ω, φ) is the classical noise contribution, fxx(ω, φ) is the transfer function from
light to displacement, 〈xˆxˆ〉 (ω) is the symmetrized resonator displacement distribution PSD, Sµxˆ(ω, φ) is the cross-
correlation PSD between the light shot-noise operator and the resonator state operator, and Sδyxˆ(ω, φ) is the cross-
correlation PSD between the light classical noise and the resonator state operator.
To explicitly write the above functions we define the following cavity and light parameters: nth is the thermal
phonon occupation, Γ the mechanical linewidth, ωm the resonator frequency, and the mechanical susceptibility is
given by χm(ω) = (Γ/2− i (ω − ωm))−1. The classical noise correlations are given by C˜AA = 〈δy˜AMδy˜AM 〉, C˜PP =
〈δy˜PMδy˜PM 〉, and C˜AP =
√
C˜AAC˜PP . Here the normalization for the classical noise is chosen such that it’s a fraction
of the in-cavity probe light shot-noise, e.g. for positive frequencies the total amplitude noise consisting of shot noise
plus classical AM noise is κ2 |χc(ω)|2
(
1 + C˜AA
)
. This is a convenient choice as we typically refer to the in-cavity
photon number. With this we write the light and displacement symmetrized PSD functions as:
SLN(ω, φ) = 2
(
C˜AA + C˜PP
)(κ
2
)2 (
|χc(−ω)|2 + |χc(ω)|2
)
+ 4
(
C˜AA − C˜PP
)(κ
2
)2
Re
[
χc(−ω)χc(ω)e−2iφ
]− 8C˜AP (κ
2
)2
Im
[
χc(−ω)χc(ω)e−2iφ
]
(S3)
fxx(ω, φ) = κ(ga¯)
2
{
|χc(−ω)|2 + |χc(ω)|2 − 2 Re
[
χc(−ω)χc(ω)e−2iφ
]}
(S4)
Sµxˆ(ω, φ) = κ (ga¯)
2
(
|χc(−ω)|2 − |χc(ω)|2
)
Im [iχeff(ω)]
− 2κ(ga¯)2 Im [χc(−ω)χc(ω)e−2iφ]Re [iχeff(ω)] (S5)
Sδyxˆ(ω, φ) = 4(ga¯)
2
(κ
2
)2 (
|χc(−ω)|2 − |χc(ω)|2
){
C˜AA Im [iχeff(ω)pi+(ω)]− C˜AP Im [iχeff(ω)pi−(ω)]
}
+ 4(ga¯)2
(κ
2
)2 (
|χc(−ω)|2 + |χc(ω)|2
){
C˜AP Re [iχeff(ω)pi+(ω)]− C˜PP Re [iχeff(ω)pi−(ω)]
}
− 8(ga¯)2
(κ
2
)2
Im
[
χc(−ω)χc(ω)e−2iφ
] {
C˜AA Re [iχeff(ω)pi+(ω)]− C˜AP Re [iχeff(ω)pi−(ω)]
}
− 8(ga¯)2
(κ
2
)2
Re
[
χc(−ω)χc(ω)e−2iφ
] {
C˜AP Re [iχeff(ω)pi+(ω)]− C˜PP Re [iχeff(ω)pi−(ω)]
}
(S6)
〈xˆxˆ〉 (ω) = Γ(nth + 1/2)|χeff(ω)|2
+ (ga¯)2|χeff(ω)|2κ
2
(
|χc(−ω)|2 + |χc(ω)|2
)
+ (ga¯)2|χeff(ω)|2κ
2
(
|pi+|2C˜AA + |pi−|2C˜PP − 4 Im [χc(−ω)χc(ω)] C˜AP
)
+
(
F
4pzp
)2
|χeff(ω)|2δ(ω − ωf ) (S7)
where we have used the same effective mechanical parameters as described in the Appendix.
2. The effect of classical noise in our experiments
In this subsection we examine the effect of classical noise on the data in Figs. 2 and 3 of the main text. Specifically
we are interested in quantifying the squashing effect that can rise due to the correlation between the classical noise
4and the mechanical resonator, i.e. Sδyxˆ(ω, φ). Other classical noise effects would only increase the measurement in
Figs. 2 and 3.
We write the dimensionless displacement due to classical noise cross-correlation,
Sδyxˆ(ω, φ)
Ssql(ωm)fxx
= −
(
cotφC˜AA + C˜AP
)
Im [κχc(ω)χ˜m(ω)] (S8)
Here we have used an on-resonance probe. The C˜PP falls out because |χc(−ω)|2 − |χc(ω)|2 < 3× 10−3 for detuning
∆/2pi < 5 kHz. Therefore the main contribution for the noise component comes from C˜AA and C˜AP =
√
C˜AAC˜PP .
Next we estimate the amount of classical noise in the laser, using two independent measurements. Based upon
measurements in [1] we put an upper bound on classical laser phase noise of C˜PP = 4% and amplitude noise of
C˜AA = 0.4% at 5 µW. Because of the choice of normalization there is a factor of two between these values and the
reported values in Ref. [1].
For a second, better, estimation of the phase noise we use the light PSD far off-resonance to find the difference in
shot-noise level. We do this by looking at the deviation of the fit off-set from the well known shot-noise level. By
comparing this to the expected rise in shot-noise, for an on-resonance probe
SLN(ω, φ) = 8
(κ
2
)2
|χc(ω)|2
(
C˜AA cos
2 φ+ C˜PP sin
2 φ− C˜AP sin 2φ
)
(S9)
From the φ = 90◦ data and using our cavity parameters we find SLN(ω, φ = 90◦) = 1.06C˜PP ≤ 0.015, which gives
C˜PP ≤ 1.5 %. With this we estimate C˜AP = 0.78 %.
From the above estimations we find that the total classical noise in our experiment was less than 1 %. Moreover
if we plug in our experimental parameters to find the cavity and mechanical susceptibility response far off resonance
(ρ = 10) we find that the effect of the classical noise is suppressed by an additional order of magnitude. For this
reason in the main text, and the analysis procedure, we have set the classical noise contribution to zero.
Appendix S6: The Force Power Spectral density
For a full context of backaction effects presented in the Appendix calculations we present here the conversion
between displacement spectral density and the force spectral density in both our dimensionless and also force units.
Any external force applied on the mechanical resonator will be shaped by the dimensionless mechanical susceptibility
function |χ˜m(ω)|2; and the dimensionless force PSD is given by,
Sff (ρ) = |χ˜m(ρ)|−2Sxx(ρ) (S1)
and the force SQL PSD value is given,
Sfsql(ω) = p
2
zp
1
|χm(ω)| = p
2
zp
Γ
2
√
1 + ρ2. (S2)
with units of newton square per hertz. Here to achieve force units we used the ratio between the zero-point motion
and the zero-point fluctuations (pzp = ~/(2xzp)[ NHz ]).
Then the PSD with real dimension is Sfsql(ωm)Sff (ρ). As can be seen, the best sensitivity is found on-resonance
while off-resonance the sensitivity falls off. The optimal measurement phase (and power) for force is the same as for
the position detection. Which means that the optimal PSD for force is given by
Sff (ρ, φopt, p) = 2
(
nth +
1
2
)
+
1
2p|χ˜m(ρ)|2
+
1
2
p
(
1 + (1− )ρ2) |χ˜m(ρ)|2 (S3)
Sff (ρ, φopt, popt) = 2
(
nth +
1
2
)
+
√
1

+
1− 

ρ2 (S4)
and in the last line we write the result for optimal power, i.e. the QL value for each frequency.
5Appendix S7: Synodyne detection
In the recently-proposed synodyne measurement [5], the cross-correlation discussed can be accessed on-resonance,
which enables beating both the on-resonance SQL and QL. Up until recently it was believed that only a quantum
non-demolition (QND) measurement configuration [6, 7] can improve on-resonance sensitivity below the SQL or QL
limit. This is allowed because in a QND measurement only a single mechanical quadrature is measured and one
could reach a total noise of solely the zero point motion (yellow in Fig. S2). Synodyne similarly allows one to gain
information about only one mechanical quadrature when measuring on mechanical resonance.
To detect only a single mechanical quadrature one can change the readout configuration even beyond that of
variational homodyne by changing the character of the local oscillator (LO). In particular one uses a two-tone LO
with the tones split by twice the mechanical resonance frequency (2ωm). This means that the signal is split into lower
and upper sidebands, and the interference between the two sidebands effectively shifts the mechanical resonator to
DC (ωm → 0); which corresponds to a single mechanical-quadrature measurement. After arranging the two LO tones,
in analogy to variational homodyne, it is also necessary to arrange the contribution of each tone (magnitude and
phase) such that the correlations will destructively interfere to remove the backaction contribution. When the two
sidebands are equal then the correlation contribution falls out, and the optimal measurement is similar to homodyne
measurement at φ = 90◦. But by using slightly different sidebands amplitudes, one mixes the probe’s two quadratures
and the on-resonance correlation contribution improves the measurement below the QL. In Fig. S2 we show the
complementary effects of synodyne and homodyne via their frequency-dependent noise PSD.
The purpose of the rest of this section is to give the basis for comparison between synodyne measurement configura-
tion and homodyne measurement configuration in a frequency-space picture; and present a similar plot to Fig. 1(a,b)
in the main text. We start by explicitly writing the two-tone LO α(t) = α−eiωmt+α+e−iωmt, and define its amplitude
and phase contribution as:
αa =
1
2
[
α−e−iφ + α+eiφ
]
=
α−
2
[
e−iφ + βeiφ
]
(S1)
αp = − i
2
[
α−e−iφ − α+eiφ
]
= − iα−
2
[
e−iφ − βeiφ] (S2)
where α± are real, and β = α+/α−. We note that in general one can add an additional phase between α− and α+,
but that only modifies the global phase φ. With this definition of the LO, we write a synodyne optical operator in the
time domain as [αauˆAM (t) + αpuˆPM (t)] e−iωmt +
[
α∗auˆAM (t) + α
∗
puˆPM (t)
]
eiωmt, where uˆAM and uˆPM are defined in
Sec. S5 in Eq. S1 (after moving to the frequency domain).
Using this definition of LO, we find a new displacement operator. Note that in the mechanical susceptibility the
mechanical resonance frequency is now ωm = 0. The spectrum is written similarly to homodyne detection. But, now
unlike in the homodyne detection, the cross-correlation contribution is complex and SIF = −S∗FI .
The PSD for synodyne detection is given by
SSxx(ρ, p) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2 + 1
2p
|αa|2 + |αp|2
|αp|2
+
p
2
|χ˜m(ρ)|2 − |χ˜m(ρ)|2 Im α
∗
aαp
|αp|2
(S3)
with
|αa|2 + |αp|2
|αp|2
= 2
1 + β2
1 + β2 − 2β cos 2φ (S4)
Im
α∗aαp
|αp|2
=
β2 − 1
1 + β2 − 2β cos 2φ (S5)
In the above we have assumed that the cavity susceptibility’s relative change is negligible, i.e. |χ˜c(ω)|2 ≈ 1. Note that
because here we split the signal into positive and negative parts, this assumption also needs to hold as |χ˜c(ω + δ)|2 ≈
|χ˜c(ω − δ)|2.
First we examine the case in which the two sidebands of the LO are equal, i.e. β = 1. In this case the cross-correlation
contribution falls out, and we get back the same results as in homodyne detection (without the cross-correlation term).
Note the shot-noise term is proportional to 1 + cot2 φ, similar to the homodyne detection.
Next we find the optimal conditions for the phase between the two LO tones and the signal beam (φ) and the ratio
between the two LO tones β. Numerically we find that for low power it’s best to set φ = 90◦ and for powers above
6p > 1/|χ˜m(ρ)|2 we should set φ = 0◦. Then we find the optimal ratio is given by,
βopt(ρ, φ = 90
◦) =
1 + p|χ˜m(ρ)|2
1− p|χ˜m(ρ)|2
(S6)
βopt(ρ, φ = 0
◦) =
p|χ˜m(ρ)|2 + 1
p|χ˜m(ρ)|2 − 1
= −βopt(ρ, φ = 90◦) (S7)
In Fig. S2(a) we show the result of Eq. (S3) (using a single value for β optimal for on-resonance detection). The
on-resonance PSD reaches the zero-point motion level, for ideal quantum efficiency. In addition the trade off between
improvement at a given frequency comes at expense of additional shot-noise contribution (off-resonance), coming from
the quadrature that does not include any position information.
Next we enter the optimal ratio at all frequencies, at constant power, to find the variational synodyne PSD,
SSxx(ρ, p, βopt(ρ)) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2 + 1
2p
+
1
2
p
[
(1− ) + ρ2] |χ˜m(ρ)|4 (S8)
This result is very similar to the homodyne variational readout, up to the effect of the quantum efficiency in the
backaction term, i.e. (1− ) + ρ2 ↔ 1 + (1− )ρ2. Then the optimal synodyne power is,
psopt =
1√
 [(1− ) + ρ2]|χ˜m(ρ)|2
(S9)
which gives,
SSxx(ρ, p
s
opt, βopt) = 2
(
nth +
1
2
)
|χ˜m(ρ)|2 +
√
1− 

+
1

ρ2|χ˜m(ρ)|2 (S10)
Here we find, as expected, that on-resonance the minimum PSD is equal (or bigger) to one zero-point motion. As we
expect from a single mechanical quadrature measurement. While there is a strong resemblance to a QNDmeasurement,
there are two differences: the frequency response, and the quantum efficiency dependence.
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FIG. S2. Comparison of homodyne and synodyne detection at constant power (p = 100). (a) Optimizing the spectrum for
a single frequency, on-resonance for synodyne (brown) and 2(ω − ωm)/Γ = 10 for homodyne (red); (b) variational readout in
which we vary the local oscillator to optimize (minimize) the spectrum for all frequencies. Shaded areas represent the shot-noise
(gray), backaction (green) and zero-point motion (yellow). Lines represent measurement at φ = 90◦ (blue), φ = 5.8◦ (solid red),
ratio of β = 1.02 (solid brown), homodyne variational readout (red dashed), synodyne variational readout (brown dashed),
SQL noise with zero thermal disturbance (solid black), QL noise with zero thermal disturbance (dashed black). All curves are
evaluated for ideal quantum efficiency  = 1, and zero thermal disturbance.
7In Fig. S2(b) the frequency response of variational synodyne readout is given. While at frequencies ρ < 1 the
synodyne variational readout gives the best result; at off-resonance frequencies (ρ ≥ 1) homodyne variational readout
gives the best result. This result is expected because off-resonance synodyne detection is reduced to a homodyne
measurement at φ = 90◦, i.e. limited by the SQL.
Because force sensitivity is highest on resonance (see Sec. S6), synodyne detection is especially good for force
detection, with SSxx/|χ˜m(ρ)|2. Therefore we explicitly write the displacement PSD due to external force modulated
at ωf to be (
F
4pzp
)2
|χ˜m(ρ)|2 ×
∣∣αpe−iφf δ(ω − ωf + ωm) + α∗peiφf δ(ω + ωf − ωm)∣∣2
2|αp|2
(S11)
with φf the force relative phase. The above force PSD measures a single phase only for an on-resonance force
(ωf = ωm), and for an off-mechanical-resonance the force is phase independent. This appears because in synodyne
detection, the measurement is shifted down to DC, at which the force phase is important. This result resembles a
BAE type measurement, but when examining the signal (both force sensitivity and noise PSD) there is a difference.
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